Abstract. The purpose of this note is to describe some algebraic conditions on a Banach algebra which force it to be finite dimensional. One of the main results in Theorem 2 which states that for a locally compact group G, G is compact if there exists a measure µ in Soc(L 1 (G)) such that µ(G) = 0. We also prove that G is finite if Soc(M(G)) is closed and every nonzero left ideal in M(G) contains a minimal left ideal.
Introduction
Let A be a Banach algebra. The first Arens multiplication on A * * is defined in three steps as follows.
For a, b in A, f in A * and F, G in A * * , the elements f a, F f of A * and GF of A * * are defined by
We know that A * * is a Banach algebra with Arens multiplication. If A has minimal left ideals, the smallest left ideal containing all of them is called the left Socle of A and is denoted by Soc(A). If A does not have minimal left ideals, we define Soc(A) = (0). Let G be a locally compact group, L 1 (G) be its group algebra, and M(G) be its usual measure algebra. Let LUC(G) denote the closed subspace of bounded left uniformly continuous function on
We know that L 1 (G) is semisimple and minimal ideals in L 1 (G) are generated by minimal idempotent [4] . Filali [6, 7] has studied all the finite dimensional left ideals of L 1 (G), L 1 (G) * * and LUC(G) * . He has shown that such ideals exist in L 1 (G) and M(G) if and only if G is compact. Baker and Filali [2] proved that minimal left ideals can be of infinite dimension, and that compactness of G is not necessary for these ideals to exist in L 1 (G) and M(G). For a locally compact abelian group G, Filali [8] has shown that G is compact if and only if M(G) has minimal ideals. In this paper we will show, among other things, that if there exists a measure µ in Soc(L 1 (G)) such that µ(G) = 0, then G is compact (G is an arbitrary locally compact group). Also some conditions which are equivalent to finite dimensionality for a Banach algebra A are given.
Main results
In this section we will study a Banach algebra A when we set some conditions on Soc(A) and Soc(A * * ). We know that Soc(A) has been studied in [3, 4, 5, 12] . 
Proof. It is known that L 1 (G) has a bounded approximate identity bounded by 1. Let (e α ) be a bounded approximate identity in
It follows that µ = 0. By Proposition 1, we have Soc(L 1 (G)) = Soc(M(G)). In the following Theorem we will provide some conditions on A and A * * that are sufficient to guarantee finite dimensionality.
Theorem 1. Let A be a Banach algebra with a bounded approximate identity. If
Proof. Let (e α ) be a bounded approximate identity in A and E ∈ A * * be a weak * limit of a subnet (e β ) of (e α ). Then E is a right identity for A * * . For a nonzero ideal J of A * * , we take Since Soc(A * * ) = A * * , we have M ⊕ J = A * * . For some J ∈ J and M ∈ M , we can write E = M +J. It follows that J ∈ = J , i.e. J = (′). This shows that A * * is semiprime. By Theorem 5 of [13] , A * * is finite dimensional and so A is finite dimensional.
COROLLARY 2.

Let G be a locally compact group. Then G is finite if and only if
Proof. Since L 1 (G) has a bounded approximate identity, by Theorem 1, L 1 (G) * * is finite dimensional. Therefore G is finite. The converse is clear. Let A be a Banach algebra and let Comp(A) be the compactum of A, that is the set of all x in A such that the mapping a → xax is a compact operator of A into itself. Al-Moajil [1] gives some characterizations of a finite dimensionality of a semisimple Banach algebra in terms of its compactum and Socle.
For a locally compact abelian group G, Filali [8] has shown that G is compact if and only if M(G) has minimal ideals. In the following Theorem we set a condition on Soc (L 1 (G) ) and prove that G is compact.
Theorem 2. Let G be a locally compact group. Then G is compact if any of the following conditions hold:
Proof. Let (1) hold. We assume to the contray that G is not compact. Let Ω denote the set of all compact subset of G and we make Ω directed by K 1 ≤ K 2 if and only if K 1 ⊆ K 2 for every K 1 and K 2 in Ω. For every K ∈ Ω, we can choose g K / ∈ K. Without loss of generality, we may assume that δ g K → m (m ∈ LUC(G) * ) in the σ (LUC(G) * , LUC(G))-topology. It is easy to see that m, ψ = 0 for every ψ ∈ C 0 (G). Also, we have µmµ, ψ = 0, for every ψ ∈ C 0 (G) and µ ∈ L 1 (G). (Indeed, the formulas which define the first Arens product in L 1 (G) * * can be used to define a Banach algebra structure on LUC(G) * .)
Choose µ ∈ Soc(L 1 (G)) with µ(G) = 0. For a bounded approximate identity (e α ) in L 1 (G) with norm 1 and g ∈ G, we have
where closure is taken in the norm topology. But by Proposition 3 of [1] , the set {µ * ν * µ; ν ∈ L 1 (G), ν ≤ 1} is relatively compact. Hence without loss of generality we may
This contradicts the fact that η = 0. Hence G is compact.
. Indeed, since L 1 (G) has a bounded approximate identity with norm 1, for any µ ∈ L 1 (G) we have
If G is a compact group, then for any µ ∈ L 1 (G) both mapping ρ µ and λ µ from Proof. If Soc(A) = A, then A is finite dimensional (Theorem 5 of [13] ). Otherwise we can find a sequence of pairwise orthogonal idempotents (e n ) such that e n ∈ Soc(A), since every nonzero left ideal I of A contains a minimal left ideal. By assumption Soc(A) is closed, so a = ∞ ∑ n=1 e n 2 n e n ∈ Soc(A).
Therefore, the sequence e n is contained in aAa, and since it is an infinite set and linearly independent by the orthogonality of its elements, we have aAa is infinite dimensional. This contradicts the fact that a ∈ Soc(A) (Lemma 2 of [1] ). Consequently Soc(A) = A, and so A is finite dimensional.
COROLLARY 3.
Let G be a locally compact group such that every nonzero ideal I in M(G) contains a minimal left ideal and let Soc(M(G)) be closed. Then G is finite.
Proof. See Theorem 3.
